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THE F -SYMBOLS FOR THE H3 FUSION CATEGORY
TOBIAS J. OSBORNE, DENIZ E. STIEGEMANN, AND RAMONA WOLF
Abstract. We present a solution for the F -symbols of the H3 fusion category, which is Morita
equivalent to the even parts of the Haagerup subfactor. This solution has been computed by
solving the pentagon equations and using several properties of trivalent categories.
1. Introduction
Subfactors [JS97] play an increasingly interesting role in mathematics and physics. Particularly
striking are applications in physics: here mathematical investigations into the theory of quantum
fields have led to a conjectured correspondence between subfactors and conformal field theories
(CFTs) [Jon90]. This conjecture builds on original work of Doplicher [DR89] and was later bol-
stered by Bischoff [Bis15, Bis16]. A considerable body of evidence for the conjecture has now
been collected (see, e.g., [Xu18, CMS11]). There are, however, gaps: there is a set of exceptional
subfactors with no known counterpart CFT. The Haagerup subfactor [Haa94, AH99], which is the
smallest (finite-depth, irreducible, hyperfinite) subfactor with index more than 4, is arguably the
first example that will likely require new techniques to build a corresponding CFT. Interestingly,
it is possible to indirectly reason about a hypothetical Haagerup CFT, and quite a lot is already
known about its potential properties [EG11].
Associated with the even parts of the Haagerup subfactor are two unitary fusion categories, here
denoted H1 and H2. There is a third fusion category which is Morita equivalent to H1 and H2
but not isomorphic to either of them [GS12]. This fusion category, which is denoted H3, has six
simple objects and is of particular interest for this paper as it admits a simple skein theory. Owing
to its comparative simplicity of formulation, the resulting trivalent category [MPS17] is especially
attractive as a basis for building CFT models.
An important quantity for any unitary fusion category, required for any deeper investigation
of physical models, are its F - or 6j-symbols, determined by solving its pentagon equations. The
F -symbols are notoriously difficult to obtain in general and explicit solutions are known only for a
handful of cases (see, e.g., [Bon07] for list of many explicit solutions). Here the H3 fusion category
presents no shortage of challenges: after eliminating trivial equations there are 41391 equations
determining 1431 unknowns, a task at the limit of what is easily computable with current state-
of-the-art technology and algorithms.
It is worth emphasising that the F -symbols for H3 have actually already, in principle, been
determined by Izumi [Izu00], who exploited Cuntz-algebra techniques to describe them. Our
goal in this paper, however, is to develop methods admitting an easy generalisation to other
unitary fusion categories. In particular, we exploit skein-theoretic information to provide “seed”
data for the subsequent application of standard equation solvers. This approach promises to
generalise to a variety of interesting cases, possibly including the extended Haagerup subfactors
[BMPS12, GMP+].
The outline of this paper is as follows. In Section 2 we review the definition of the H3 fusion
category. This is followed, in Section 3, by a brief statement of our main result. The trivalent
category methods we exploited are described in Section 5. The simplifications allowed by fixing
a gauge are described in Section 6 (we work in a gauge where the solutions are real). Finally, we
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2 THE F -SYMBOLS FOR THE H3 FUSION CATEGORY
conclude in Section 7. The diagrammatic calculus of trivalent categories is reviewed in Appendix A
and the explicit solution for the F -symbols written out in Appendix B.
While completing this work we learnt that Matthew Titsworth [Pri] has also previously obtained
the solution to the pentagon equations for H3, and further determined the monoidal classes of the
solutions according to the methods of [HT15].
2. The H3 fusion category
The category we study in this work is a fusion category, which is defined as follows:
Definition 2.1. A fusion category over C is a C-linear rigid semisimple monoidal category with
finitely many simple objects (up to isomorphism) and finite-dimensional morphism spaces, such
that the identity object is simple.
For more details on fusion category, see for example [ENO05]. The category we are considering
here is the H3 fusion category that was constructed in [GS12], which is Morita equivalent to the
even parts of the Haagerup subfactor, which was introduced in [AH99]. Its set of simple objects is
given by
MH3 = {1, α, α∗, ρ, αρ, α∗ρ}
with the dimensions d1 = dα = dα∗ = 1, dρ = dαρ = dα∗ρ =
3+
√
13
2 . The fusion rules for this
category are listed in Figure 1.
1 α α∗ ρ αρ α∗ρ
1 1 α α∗ ρ αρ α∗ρ
α α α∗ 1 αρ α∗ρ ρ
α∗ α∗ 1 α α∗ρ ρ αρ
ρ ρ α∗ρ αρ 1 + ρ+ αρ+ α∗ρ α
∗ + ρ+ αρ+ α∗ρ α+ ρ+ αρ+ α∗ρ
αρ αρ ρ α∗ρ α+ ρ+ αρ+ α∗ρ 1 + ρ+ αρ+ α∗ρ α
∗ + ρ+ αρ+ α∗ρ
α∗ρ α∗ρ αρ ρ α
∗ + ρ+ αρ+ α∗ρ α+ ρ+ αρ+ α∗ρ 1 + ρ+ αρ+ α∗ρ
Figure 1. Fusion rules for the H3 fusion category.
Throughout the paper, we will denote the vector space that corresponds to the fusion of two
objects a and b to an object c, i.e. the morphism space hom(c, a⊗ b) by V abc with dimV abc = Nabc .
Additionally, we know that there is a trivalent category that corresponds to H3 (see [MPS17]). It
is the full subcategory of H3 whose objects are ρ and its tensor powers. The Karoubi envelope
(i.e., the idempotent completion) of this trivalent category is the original fusion category H3.
In the following, we will need some properties of monoidal categories. A pivotal category C is
a rigid monoidal category (i.e. every object has a dual that fulfils certain conditions) such that
x∗∗ = x for every x ∈ obj(C). A category is evaluable if dim hom(1, 1) = 1 and it is said to be
non-degenerate if for every morphism f ∈ hom(a, b) there is a morphism f ′ ∈ hom(b, a) such that
tr(f ◦f ′) 6= 0 in hom(1, 1). For a pivotal category C and a fixed object X, Cn denotes the morphism
space hom(1, X⊗n).
Definition 2.2. A trivalent category (C, X, τ) is a non-degenerate evaluable pivotal category
over C with an object X with dim C1 = 0, dim C2 = 1, and dim C3 = 1, with a rotationally
invariant morphism τ ∈ C3 called the trivalent vertex, such that the category is generated (as a
pivotal category) by τ .
Remark 2.3. The object X is symmetrically self-dual (see [MPS17], Lemma 2.2), which implies
that we can drop the orientations on string diagrams. In summary, every unoriented planar triva-
lent graph with n boundary points can be interpreted as an element of Cn. This provides some
useful simplifications in the diagrammatic calculus of fusion categories (see Appendix A.1 for more
details), which we exploit in Sections 5.2 and 5.3.
Remark 2.4. For H3, the chosen object X is ρ, since it generates all the other simple objects in
the category.
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3. Result
The main result of this paper is summarised in the following theorem:
Theorem 3.1. The pentagon equations can be solved by the F -symbols given in Appendix B, which
is a real solution with two parameters p1, p2 ∈ {−1,+1}.
All occurring values are in the interval [−1,+1], so we can visualise this solution as follows:
We represent the value +1 with a black pixel and the value −1 with a white pixel. The values in
between are represented by a green pixel whose darkness depends on where the value lies in the
interval [−1,+1], e.g. a value close to +1 is represented by a very dark green pixel, a value close
to −1 by a very light green pixel. For p1 = p2 = +1, this is shown in Figure 2, where the order of
the F -symbols is chosen randomly.
Figure 2. A visualisation of the F -symbols for p1 = p2 = +1.
4. The pentagon equations
In this section, we explain the pentagon equations, which are the fundamental equations we
have to solve to obtain a solution for the F -symbols. F -symbols are unitary isomorphisms between
different parenthesis structures of the tensor product of multiple objects, i.e. they are maps
F xyzu : hom(u, (x⊗ y)⊗ z)→ hom(u, x⊗ (y ⊗ z)).
In terms of fusion diagrams, this is depicted as
u
x y z
k =
∑
j
(F xyzu )jk
u
zyx
j
They have to fulfil a set of conditions called the pentagon equations, which means that the diagram
in Figure 3 has to commute.
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u
x y z w
a
b
F azwu
u
x y z w
a c F xycu
u
x y z w
d
c
F xyzb
u
x y z w
e
b
F xewu
u
x y z w
e
d
F yzwd
Figure 3. The pentagon equations.
In terms of matrix elements, this condition is expressed as
(1) (F xycu )da(F
azw
u )cb =
∑
e
(F yzwd )ce(F
xew
u )db(F
xyz
b )ea.
Hence, to obtain the F -symbols for a given fusion category, we have to solve (1).
5. Methods
Beside the pentagon equations, there are some additional equations and techniques that we can
use to make finding the solution easier. Some of them use the fact that the category is trivalent.
5.1. The triangle equation. Since a fusion category C is a tensor category, we have a left and a
right unit constraint: For any object x ∈ C, there exist maps
lx : hom(x, 1⊗ x)→ hom(x, x)
rx : hom(x, x⊗ 1)→ hom(x, x).
To ensure that these maps are compatible with the F -symbols, the triangle equation has to be
fulfilled, which means that the diagram in Figure 4 commutes.
z
x y
z
x 1 y
z
y1x
F x1yz
rx ly
Figure 4. Diagrammatic depiction of the triangle equation.
There are some modifications of the triangle equation, which also have to be fulfilled:
THE F -SYMBOLS FOR THE H3 FUSION CATEGORY 5
z
x y
z
1 x y
z
yx1
F 1xyz
lx lz
(a) Case 1.
z
x y
z
x y 1
z
1yx
F xy1z
rz ry
(b) Case 2.
Figure 5. Variations of the triangle equation.
This leads to the following observation:
Theorem 5.1. In a tensor category C, the following equations hold whenever the corresponding
vector spaces are one-dimensional:
F 1xyz F
1zy
x = 1,
F xy1z F
xz1
y = 1.
(2)
Proof. Consider the diagram in Figure 5a. Since all the occurring maps are one-dimensional, we
can treat them as complex numbers. Hence, the diagram yields the equation
(3) lx = F
1xy
z lz.
Now consider a modified version of this diagram, namely the one where x and z are interchanged.
This diagram leads to
(4) lz = F
1zy
x lx.
Inserting (4) into (3) yields
lx = F
1xy
z F
1zy
x lx
1 = F 1xyz F
1zy
x .
For the diagram in Figure 5b this is done analogously. 
5.2. Additional equations.
Theorem 5.2. If V abcu is a vector space with dim(V
abc
u ) 6= 0 and Nx3x4u = Nax1x3 = Nx2cx4 = N bx1x2 =
1, the following equality holds for x1, x2, x3, x4, x
′
4, y ∈ {1, α, α∗, ρ, αρ, α∗ρ}:
(5)
∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
(
F abcu
)∗
yx′3
=
(
F x3x2cu
)∗
yx4
(
F ax1x2y
)
bx3
.
Proof. Consider the decomposition
V abcu =
⊕
x1,x2,x3,x4
V x3x4u ⊗ V ax1x3 ⊗ V x2cx4 ⊗ V bx1x2 .
First, start by applying the F -matrix act on
⊕
x3
V x3x4u ⊗ V ax1x3 :
u
a b c
x3 x4
x1 x2
=
∑
x′3
(
F ax1x4u
)
x′3x3
u
a b c
x′3
x1 x4
x2
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=
∑
x′3x
′
4
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
x′4x4
u
a b c
x′4
x1 x2
x′3
=
∑
x′3x
′
4
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
x′4x4
√
dx1dx2
db
δb,x′4
u
a b c
x′3
=
∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
√
dx1dx2
db
u
a b c
x′3
=
∑
x′3,x
′′
3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
√
dx1dx2
db
(
F abcu
)∗
x′′3 x
′
3
u
a b c
x′′3
.
In the second step, the inverse F -matrix acts on the space
⊕
x4
V x1x4x′3
⊗V x2cx4 and in the third step,
we have used the rules for evaluating bigons. Alternatively, we can first let the inverse F -matrix
act on
⊕
x4
V x3x4u ⊗ V x2cx4 and the F -matrix on
⊕
x3
V x3x2x′4
⊗ V ax1x3 afterwards:
u
a b c
x3 x4
x1 x2
=
∑
x′4
(
F x3x2cu
)∗
x′4x4
u
a b c
x′4
x3 x2
x1
=
∑
x′4x
′
3
(
F x3x2cu
)∗
x′4x4
(
F ax1x2x′4
)
x′3x3
u
a b c
x′3
x1 x2
x′4
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=
∑
x′4x
′
3
(
F x3x2cu
)∗
x′4x4
(
F ax1x2x′4
)
x′3x3
√
dx1dx2
db
δb,x′3
u
a b c
x′4
=
∑
x′4
(
F x3x2cu
)∗
x′4x4
(
F ax1x2x′4
)
bx3
√
dx1dx2
db
u
a b c
x′4
.
We can now compare these two expressions component wise, i.e. compare the coefficients of each
basis vector that we indicate by xi = y, which completes the proof:∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
√
dx1dx2
db
(
F abcu
)∗
yx′3
=
(
F x3x2cu
)∗
yx4
(
F ax1x2y
)
bx3
√
dx1dx2
db∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
(
F abcu
)∗
yx′3
=
(
F x3x2cu
)∗
yx4
(
F ax1x2y
)
bx3
. 
At first sight, it is not obvious in which way these additional equations are helpful for determining
the F -matrices. It becomes clear when we consider the special case where one or more of the
F -matrices on the left hand side are one-dimensional: in this case the sum on the left hand side
vanishes. Additionally, in some cases the F -matrices are even equal to 1 (see Theorems 5.4 and 5.5)
which further simplifies this equation.
Theorem 5.3. In the fusion category H3, the following equations hold:(
F ρρρρ
)∗
αρρ
(
F ρρρ
αρ
)
ρρ
√
dρ = c1
(
F ρρρρ
)
αρ1
+ c2
(
F ρρρρ
)
αρρ(
F ρρρρ
)∗
α∗ρρ
(
F ρρρ
α∗ρ
)
ρρ
√
dρ = c1
(
F ρρρρ
)
α∗ρ1
+ c2
(
F ρρρρ
)
α∗ρρ
.
(6)
Proof. We apply Theorem 5.2 in the case x1 = x2 = x3 = x4 = ρ and obtain
(7)
ρ
ρ ρ
ρ ρ
ρ ρ
ρ
=
∑
x
(
F ρρρρ
)∗
xρ
(
F ρρρx
)
ρρ
√
dρ
ρ
ρ ρ ρ
x .
Additionally, we know from [MPS17] that
(8) = c1
 +
+ c2
 +

with
c1 =
1
18
(√
13 + 7
)
c2 =
√√
13− 2
3
8 THE F -SYMBOLS FOR THE H3 FUSION CATEGORY
(see Appendix A.2 for the derivation of these constants). This equation can be translated into tree
diagrams and then be manipulated by applying F -moves:
ρ
ρ ρ
ρ ρ
ρ ρ
ρ
= c1

ρ
ρ ρ ρ
1 +
ρ
ρ ρ ρ
1
+ c2

ρ
ρ ρ ρ
ρ +
ρ
ρ ρ ρ
ρ

= c1

ρ
ρ ρ ρ
1 +
∑
x
(
F ρρρρ
)
x1
ρ
ρ ρ ρ
x
(9)
+ c2

ρ
ρ ρ ρ
ρ +
∑
x
(
F ρρρρ
)
xρ
ρ
ρ ρ ρ
x

Comparing the coefficients in (7) and (9) of the basis vectors for x = αρ and x = α∗ρ, respectively,
completes the proof. 
5.3. Further methods from trivalent categories.
Theorem 5.4. In the fusion category H3, if a, b, c, u ∈ {1, ρ} and at least one of the labels a, b,
c, or u is the unit label 1 and the fusion of a, b, and c to the label u is allowed by the fusion rules,
the vector space V abcu is one-dimensional and the corresponding F -matrix is
F abcu = 1.
Proof. Let, without loss of generality, a = 1. Then we can decompose the vector space V 1bcu into
V 1bcu =
⊕
x
V 1bx ⊗ V xcu
= V 1bb ⊗ V bcu ,
therefore dim
(
V 1bcu
)
= dim
(
V 1bb ⊗ V bcu
)
= N1bb N
bc
u = 1. The F -matrix acts on this decomposition
in the following way:
u
1 b c
b
=
∑
y
(
F 1bcu
)
by
u
1 b c
y
=
(
F 1bcu
)
bu
u
1 b c
u
According to the triangle equation,
lb
u
b c
=
(
F 1bcu
)
bu
lu
u
b c
.
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Since b, c, u ∈ {1, ρ}, only the maps l1 and lρ can occur. From [MPS17] we know that l1 = lρ = 1.
Hence,
u
b c
=
(
F 1bcu
)
bu
u
b c
and therefore
(
F 1bcu
)
bu
= 1. The proof for the cases b = 1 and c = 1 works analogously. 
Theorem 5.5. In the fusion category H3,
F ρ1ρx = 1,
F 1ρxρ = 1,
F xρ1ρ = 1,
for x ∈ {ρ, αρ, α∗ρ}.
Proof. This result is a combination of special cases of the triangle equation and properties that
follow from the fact that H3 is a trivalent category. The first equations results from the following
specific triangle equation
x
ρ ρ
x
ρ 1 ρ
x
ρ1ρ
F ρ1ρx
rρ lρ
Since every map in this diagram is one-dimensional and we know that rρ = lρ = 1 (since it is a
trivalent category),
rρ = F
ρ1ρ
x lρ
1 = F ρ1ρx .
The remaining equations follow analogously as special cases of the variations of the triangle equa-
tion shown in Figure 5. 
Theorem 5.6. In the fusion category H3, the following equation holds:(
F ρρρρ
)
ρρ
=
t√
dρ
with t = −( 23dρ + 53)√dρ and dρ = 3+√132 .
Proof. From [MPS17], we have the following relation:
= t .
The absence of labels in the strings indicates that every string stands for the generating object of
the category, ρ in our case. Since in this category, these diagrams are invariant under rotation and
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deforming, and we can add and remove strings with the unit label on it, we can translate these
vectors into vectors that live in the space
V ρρ1ρ =
⊕
x1,x2,x3,x4
V x3x4ρ ⊗ V ρx1x3 ⊗ V x21x4 ⊗ V ρx1x2 .
The whole relation can now be expressed as an equation in this vector space:
(10)
ρ
ρ ρ
ρ ρ
ρ ρ
1
= t
ρ
ρ ρ 1
ρ .
Using the relations found in the proof of Theorem 5.2, we find that
ρ
ρ ρ
ρ ρ
ρ ρ
1
=
∑
x
(
F ρρ1ρ
)∗
xρ
(
F ρρρx
)
ρρ
√
dρ
ρ
ρ ρ 1
x .
The vector on the right hand side of the equation is an element of the vector space
⊕
x V
ρρ
x ⊗ V x1ρ
which is only non-zero for x = ρ. Additionally, we know from Theorem 5.4 that F ρρ1ρ = 1. Hence,
the equation is reduced to
ρ
ρ ρ
ρ ρ
ρ ρ
1
=
(
F ρρρρ
)
ρρ
√
dρ
ρ
ρ ρ 1
ρ .
Comparing this result with (10) yields the statement. 
5.4. Unitarity. Since the F -matrices are basis transformations, we require them to be unitary.
Hence, we can use the unitarity condition
U∗U = UU∗ = I
to get additional equations for the variables. This is especially helpful in case we have already
determined the majority of variables for one matrix: by using unitarity, it is likely that we can
also determine the rest of them. For a one-dimensional matrix F abcu , unitarity implies∥∥F abcu ∥∥2 = 1.
6. Gauge freedom
As explained in [Bon07], there is a gauge freedom assigned to each distinct vertex that amounts
to the choice of basis vertex. For ψ ∈ V abc , let uabc be the invertible change of basis transformation
for this space, i.e.
ψ = uabc ψ
′.
For an element of an F -matrix, this takes the form
(11)
(
F abcd
)′
fe
=
uafd u
bc
f
uabe u
ec
d
(
F abcd
)
fe
.
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The corresponding gauge transformation for the adjoint F -matrix is
(12)
([
F abcd
]∗)′
fe
=
uabe u
ec
d
uafd u
bc
f
(
F abcd
)
fe
.
The strategy we pursue for fixing the gauge is as follows: We start by fixing the ratios to 1 for
those variables that have already been determined by one of the theorems we have shown above.
We leave the remaining freedoms unfixed until we get to a point within the set of equations where
fixing one freedom helps determining a variety of F -symbols.
Theorem 6.1. The pentagon equations (1), the equations following from the triangle equation (2)
and the additional equations (5) are invariant under the gauge transformations (11) and (12).
Proof. We prove gauge invariance for each of the equations separately:
(1) The pentagon equations: under a gauge transformation, the pentagon equations (1) are
uxdu u
yc
d
uxya uacu
(F xycu )da
uacu u
zw
c
uazb u
bw
u
(F azwu )cb =
∑
e
uycd u
zw
c
uyze uewd
(F yzwd )ce
uxdu u
bw
d
uxeb u
bw
u
(F xewu )db
uxeb u
yz
e
uxya uazb
(F xyzb )ea
uxdu u
yc
d u
ac
u u
zw
c
uxya uacu u
az
b u
bw
u
(F xycu )da(F
azw
u )cb =
uycd u
zw
c u
xd
u u
bw
d
uxeb u
bw
u u
xy
a uazb
∑
e
(F yzwd )ce(F
xew
u )db(F
xyz
b )ea
(F xycu )da(F
azw
u )cb =
∑
e
(F yzwd )ce(F
xew
u )db(F
xyz
b )ea,
therefore it is gauge invariant.
(2) The triangle equation: under a gauge transformation, the first equation in (2) has the form
u1zz u
xy
z
u1xx u
xy
z
(
F 1xyz
)
zx
u1xx u
zy
x
u1zz u
zy
x
(
F 1zyx
)
xz
= 1(
F 1xyz
)
zx
(
F 1zyx
)
xz
= 1,
hence it is gauge invariant. This works analogously for the second equation:
uyzx u
y1
y
uyxx uz1z
(
F xy1z
)
yz
uxzy u
z1
z
uxzy u
y1
y
(
F xz1y
)
zy
= 1(
F xy1z
)
yz
(
F xz1y
)
zy
= 1.
(3) Additional equations: under a gauge transformation, (5) becomes
∑
x′3
u
ax′3
u u
x1x4
x′3
uax1x3 u
x3x4
u
(
F ax1x4u
)
x′3x3
ux1x2b u
bc
x′3
ux1x4x′3
ux2cx4
(
F x1x2cx′3
)∗
bx4
uaby u
yc
u
u
ax′3
u ubcx′3
(
F abcu
)∗
yx′3
=
ux3x2y u
yc
u
ux3x4u u
x2c
x4
(
F x3x2cu
)∗
yx4
uaby u
x1x2
b
uax1x3 u
x3x2
y
(
F ax1x2y
)
bx3
,
which yields
ux1x2b u
ab
y u
yc
u
uax1x3 u
x3x4
u u
x2c
x4
∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
(
F abcu
)∗
yx′3
=
uycu u
ab
y u
x1x2
b
ux3x4u u
x2c
x4 u
ax1
x3
(
F x3x2cu
)∗
yx4
(
F ax1x2y
)
bx3∑
x′3
(
F ax1x4u
)
x′3x3
(
F x1x2cx′3
)∗
bx4
(
F abcu
)∗
yx′3
=
(
F x3x2cu
)∗
yx4
(
F ax1x2y
)
bx3
. 
Remark 6.2. Note that (6) is not invariant under the gauge transformations (11) and (12).
Therefore, we have to keep track of the occurring gauge factors and adjust this equation whenever
one of the factors is fixed.
12 THE F -SYMBOLS FOR THE H3 FUSION CATEGORY
7. Conclusion
In this paper, we have presented a solution for the F -symbols of the H3 fusion category. The
methods we have used can easily be generalised to other fusion categories that provide some
skein-theoretic information, which is especially helpful in cases where the number of equations
and unknowns is beyond what can be solved easily with current state-of-the-art technology and
algorithms. An interesting candidate for this is the extended Haagerup subfactor, where the F -
symbols could not be determined so far.
Furthermore, there are several interesting tasks that can be done now that the F -symbols for this
category are known. One example is the Levin-Wen string-net model [LW05], whose construction
requires a solution for the F -symbols and which yields interesting insights into the nature of the
corresponding CFT. It is now also possible to construct the quantum double of H3 (see, e.g.,
[Mu¨03]), which is, in contrast to H3, a braided tensor category.
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Appendix A. Diagrammatical calculus of trivalent categories
A.1. Evaluating diagrams. We will now explain how to simplify and evaluate trivalent diagrams.
For diagrams with up to three boundary points, the definition of a trivalent category directly
provides the respective simplification rules.
Because of dim C0 = 1, every diagram with no boundary points is a scalar multiple of the empty
diagram. Therefore, the loop is a non-zero complex number which we denote d, i.e.
= d.
In H3, d = dρ = 3+
√
13
2 . From dim C1 = 0, it follows that
= 0.
Furthermore, dim C2 = 0 implies
(13) = b
where b is another non-zero complex constant. Because one can always rescale the trivalent vertex
by a constant, we can, without loss of generality, fix the value of b. For our computations, we use
b =
√
dρ, which has the reason that in the full fusion category, we have the relation
(14)
c
c′
a b = δcc′
√
dadb
dc
c
.
When we choose c = c′ = a = b = ρ, we see that b =
√
dρ for (13) and (14) to be equal. Finally,
dim C3 = 1 means that
= t ,
where t, in general, is a complex number that can be zero. In H3, t =
(− 23dρ + 53)√dρ.
A.2. Square popping relation. Here, we derive the square popping relation (8) for the case
b 6= 1. In [MPS17], the calculation was only done for b = 1, so we will do it for the general case in
the following.
To calculate relations between diagrams in C4, we need an orthonormal basis for this space, which
we will obtain using the Gram-Schmidt process. We begin with the following (non-orthonormal)
basis for C4:
w1 = w2 =
w3 = w4 =
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Using the Gram-Schmidt process, we can find a matrix Θ such that the orthonormal basis vectors
v1, . . . , v4 are of the form
vi =
∑
k
Θikwk.
This matrix is of the following form:
Θ =

1
d 0 0 0− 1
d
√
d2−1
1√
d2−1 0 0
− b
√
d√
(d2−a)(d2−d−)
b√
(d2−a)(d2−d−)
√
d2−1
b2d(d2−d−1) 0
b+dt
d2−d−1CΘ
b−bd−t
d2−d−1CΘ
−d2t+t−b
b(d2−d−1)CΘ CΘ

with
CΘ =
√
d2 − d− 1
d(b2d(d− 2)− 2bt− (d2 − 1)t2 .
Using this orthonormal basis, we can calculate the coefficients of the square in this basis, hence we
can also express the square in terms of the original basis w1, . . . , w4. The resulting formula is
=
b(b2 + bt− t2)
bd+ t+ dt
(
+
)
+
t2(d+ 1)− b2
bd+ t+ dt
(
+
)
.
The source code for the calculations can be found in [Sti18a, Sti18b].
Appendix B. F -symbols for the H3 fusion category
This solution and the code which was used to calculate it can be found under https://github.
com/R8monaW/H3Fsymbols. It is a real solution with two parameters, p1, p2 ∈ {−1,+1}. Addition-
ally, we use the following notation:
A =
1
2
(√
13− 3
)
,
B =
1
3
(√
13− 2
)
,
C =
1
6
(√
13 + 1
)
,
D± =
1
12
(
5−
√
13±
√
6
(√
13 + 1
))
.
In the following, all F -symbols are listed. They are first ordered by their dimension and within
that, they are ordered by their labels. The 3- and 4-dimensional matrices are depicted as tables
where the first row and the first column indicate the admissible labels for the matrix.
B.1. 1-dimensional F -symbols.
F 1111 = 1 F
1αα∗
1 = 1 F
1α∗α
1 = 1 F
1ρρ
1 = 1
F 1αραρ1 = 1 F
1α∗ρα∗ρ
1 = 1 F
α1α∗
1 = 1 F
ααα
1 = 1
Fαα
∗1
1 = 1 F
αραρ
1 = 1 F
ααρα∗ρ
1 = −p1 Fαα∗ρρ1 = 1
Fα
∗1α
1 = 1 F
α∗α1
1 = 1 F
α∗α∗α∗
1 = 1 F
α∗ρα∗ρ
1 = 1
Fα
∗
αρρ
1 = 1 F
α∗α∗ραρ
1 = −p1 F ρ1ρ1 = 1 F ραα∗ρ1 = 1
F ρα
∗
αρ
1 = 1 F
ρρ1
1 = 1 F
ρρρ
1 = 1 F
ρραρ
1 = 1
F ρρα∗ρ1 = 1 F
ραρα
1 = 1 F
ραρρ
1 = 1 F
ραραρ
1 = 1
F ραρα∗ρ1 = −1 F ρα∗ρα
∗
1 = 1 F
ρα∗ρρ
1 = 1 F
ρα∗ραρ
1 = p1p2
F ρα∗ρα∗ρ1 = −p1p2 F αρ1αρ1 = 1 F αραρ1 = 1 F αρα
∗
α∗ρ
1 = 1
F αρρα
∗
1 = 1 F
αρρρ
1 = 1 F
αρραρ
1 = 1 F
αρρα∗ρ
1 = p2
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F αραρ11 = 1 F
αραρρ
1 = 1 F
αραραρ
1 = 1 F
αραρα∗ρ
1 = −1
F αρα∗ρα1 = −p1 F αρα∗ρρ1 = p1 F αρα∗ραρ1 = 1 F αρα∗ρα∗ρ1 = −1
F α∗ρ1α∗ρ1 = 1 F
α∗ρααρ
1 = 1 F
α∗ρα
∗ρ
1 = 1 F
α∗ρρα
1 = 1
F α∗ρρρ1 = 1 F
α∗ρραρ
1 = −p1 F α∗ρρα∗ρ1 = 1 F α∗ραρα
∗
1 = −p1
F α∗ραρρ1 = p1 F
α∗ραραρ
1 = −1 F α∗ραρα∗ρ1 = 1 F α∗ρα∗ρ11 = 1
F α∗ρα∗ρρ1 = −p1p2 F α∗ρα∗ραρ1 = −1 F α∗ρα∗ρα∗ρ1 = 1 F 11αα = 1
F 1α1α = 1 F
1α∗α∗
α = 1 F
1ρα∗ρ
α = 1 F
1αρρ
α = 1
F 1α∗ραρα = 1 F
α11
α = 1 F
ααα∗
α = 1 F
αα∗α
α = 1
Fαρρα = 1 F
ααραρ
α = 1 F
αα∗ρα∗ρ
α = 1 F
α∗1α∗
α = 1
Fα
∗αα
α = 1 F
α∗α∗1
α = 1 F
α∗ραρ
α = 1 F
α∗αρα∗ρ
α = −p1
Fα
∗
α∗ρρ
α = −p1 F ρ1α∗ρα = 1 F ρααρα = −p1 F ρα
∗ρ
α = −1
F ρραα = 1 F
ρρρ
α = 1 F
ρραρ
α = 1 F
ρρα∗ρ
α = 1
F ραρα
∗
α = −p1 F ραρρα = p1 F ραραρα = p1 F ραρα∗ρα = 1
F ρα∗ρ1α = 1 F
ρα∗ρρ
α = −p1p2 F ρα∗ραρα = p1 F ρα∗ρα∗ρα = 1
F αρ1ρα = 1 F
αραα∗ρ
α = −1 F αρα
∗
αρ
α = −1 F αρρ1α = 1
F αρρρα = 1 F
αρραρ
α = 1 F
αρρα∗ρ
α = −1 F αραραα = 1
F αραρρα = 1 F
αραραρ
α = 1 F
αραρα∗ρ
α = −1 F αρα∗ρα
∗
α = −p1
F αρα∗ρρα = 1 F
αρα∗ραρ
α = 1 F
αρα∗ρα∗ρ
α = −p1p2 F α∗ρ1αρα = 1
F α∗ραρα = p1 F
α∗ρα
∗
α∗ρ
α = 1 F
α∗ρρα
∗
α = 1 F
α∗ρρρ
α = p1
F α∗ρραρα = 1 F
α∗ρρα∗ρ
α = p2 F
α∗ραρ1
α = 1 F
α∗ραρρ
α = −p1
F α∗ραραρα = 1 F
α∗ραρα∗ρ
α = −1 F α∗ρα∗ραα = 1 F α∗ρα∗ρρα = −1
F α∗ρα∗ραρα = 1 F
α∗ρα∗ρα∗ρ
α = −p1p2 F 11α
∗
α∗ = 1 F
1αα
α∗ = 1
F 1α
∗1
α∗ = 1 F
1ραρ
α∗ = 1 F
1αρα∗ρ
α∗ = 1 F
1α∗ρρ
α∗ = 1
Fα1αα∗ = 1 F
αα1
α∗ = 1 F
αα∗α∗
α∗ = 1 F
αρα∗ρ
α∗ = −p1
Fααρρα∗ = 1 F
αα∗ραρ
α∗ = 1 F
α∗11
α∗ = 1 F
α∗αα∗
α∗ = 1
Fα
∗α∗α
α∗ = 1 F
α∗ρρ
α∗ = 1 F
α∗αραρ
α∗ = 1 F
α∗α∗ρα∗ρ
α∗ = 1
F ρ1αρα∗ = 1 F
ραρ
α∗ = −1 F ρα
∗
α∗ρ
α∗ = p1 F
ρρα∗
α∗ = 1
F ρρρα∗ = −1 F ρραρα∗ = 1 F ρρα∗ρα∗ = −p1p2 F ραρ1α∗ = 1
F ραρρα∗ = 1 F
ραραρ
α∗ = 1 F
ραρα∗ρ
α∗ = p1 F
ρα∗ρα
α∗ = 1
F ρα∗ρρα∗ = p1 F
ρα∗ραρ
α∗ = 1 F
ρα∗ρα∗ρ
α∗ = p2 F
αρ1α∗ρ
α∗ = 1
F αρααρα∗ = −1 F αρα
∗ρ
α∗ = −p1 F αρραα∗ = −p1 F αρρρα∗ = −p1
F αρραρα∗ = p1 F
αρρα∗ρ
α∗ = 1 F
αραρα
∗
α∗ = 1 F
αραρρ
α∗ = −1
F αραραρα∗ = −1 F αραρα∗ρα∗ = 1 F αρα∗ρ1α∗ = 1 F αρα∗ρρα∗ = p1
F αρα∗ραρα∗ = −1 F αρα∗ρα∗ρα∗ = 1 F α∗ρ1ρα∗ = 1 F α∗ραα∗ρα∗ = 1
F α∗ρα
∗
αρ
α∗ = −1 F α∗ρρ1α∗ = 1 F α∗ρρρα∗ = 1 F α∗ρραρα∗ = 1
F α∗ρρα∗ρα∗ = 1 F
α∗ραρα
α∗ = 1 F
α∗ραρρ
α∗ = 1 F
α∗ραραρ
α∗ = 1
F α∗ραρα∗ρα∗ = −1 F α∗ρα∗ρα
∗
α∗ = 1 F
α∗ρα∗ρρ
α∗ = 1 F
α∗ρα∗ραρ
α∗ = p1p2
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F α∗ρα∗ρα∗ρα∗ = −p1p2 F 11ρρ = 1 F 1αα∗ρρ = 1 F 1α
∗
αρ
ρ = 1
F 1ρ1ρ = 1 F
1ρρ
ρ = 1 F
1ραρ
ρ = 1 F
1ρα∗ρ
ρ = 1
F 1αραρ = 1 F
1αρρ
ρ = 1 F
1αραρ
ρ = 1 F
1αρα∗ρ
ρ = 1
F 1α∗ρα
∗
ρ = 1 F
1α∗ρρ
ρ = 1 F
1α∗ραρ
ρ = 1 F
1α∗ρα∗ρ
ρ = 1
Fα1α∗ρρ = 1 F
αααρ
ρ = 1 F
αα∗ρ
ρ = 1 F
αρα
ρ = −1
Fαρρρ = −1 Fαραρρ = 1 Fαρα∗ρρ = 1 Fααρα
∗
ρ = 1
Fααρρρ = 1 F
ααραρ
ρ = 1 F
ααρα∗ρ
ρ = p1p2 F
αα∗ρ1
ρ = 1
Fαα∗ρρρ = 1 F
αα∗ραρ
ρ = 1 F
αα∗ρα∗ρ
ρ = 1 F
α∗1αρ
ρ = 1
Fα
∗αρ
ρ = 1 F
α∗α∗α∗ρ
ρ = −p1 Fα
∗ρα∗
ρ = −1 Fα
∗ρρ
ρ = 1
Fα
∗ραρ
ρ = 1 F
α∗ρα∗ρ
ρ = 1 F
α∗αρ1
ρ = 1 F
α∗αρρ
ρ = 1
Fα
∗
αραρ
ρ = 1 F
α∗αρα∗ρ
ρ = 1 F
α∗α∗ρα
ρ = −1 Fα
∗
α∗ρρ
ρ = −1
Fα
∗
α∗ραρ
ρ = 1 F
α∗α∗ρα∗ρ
ρ = 1 F
ρ11
ρ = 1 F
ρ1ρ
ρ = 1
F ρ1αρρ = 1 F
ρ1α∗ρ
ρ = 1 F
ραα∗
ρ = 1 F
ραρ
ρ = −1
F ρααρρ = p1 F
ραα∗ρ
ρ = −p1p2 F ρα
∗α
ρ = 1 F
ρα∗ρ
ρ = 1
F ρα
∗
αρ
ρ = 1 F
ρα∗α∗ρ
ρ = −p1 F ρρ1ρ = 1 F ρραρ = −1
F ρρα
∗
ρ = 1 F
ραρ1
ρ = 1 F
ραρα
ρ = 1 F
ραρα
∗
ρ = −p1
F ρα∗ρ1ρ = 1 F
ρα∗ρα
ρ = p2 F
ρα∗ρα
∗
ρ = 1 F
αρ1α
ρ = 1
F αρ1ρρ = 1 F
αρ1αρ
ρ = 1 F
αρ1α∗ρ
ρ = 1 F
αρα1
ρ = 1
F αραρρ = 1 F
αρααρ
ρ = 1 F
αραα∗ρ
ρ = 1 F
αρα
∗α∗
ρ = −p1
F αρα
∗ρ
ρ = p1 F
αρα
∗
αρ
ρ = −1 F αρα
∗
α∗ρ
ρ = −p1p2 F αρρ1ρ = 1
F αρραρ = −1 F αρρα
∗
ρ = p1 F
αραρ1
ρ = 1 F
αραρα
ρ = 1
F αραρα
∗
ρ = 1 F
αρα∗ρ1
ρ = 1 F
αρα∗ρα
ρ = −1 F αρα∗ρα
∗
ρ = 1
F α∗ρ1α
∗
ρ = 1 F
α∗ρ1ρ
ρ = 1 F
α∗ρ1αρ
ρ = 1 F
α∗ρ1α∗ρ
ρ = 1
F α∗ρααρ = 1 F
α∗ραρ
ρ = p1 F
α∗ρααρ
ρ = −p1p2 F α∗ραα∗ρρ = −1
F α∗ρα
∗1
ρ = 1 F
α∗ρα
∗ρ
ρ = −p1p2 F α∗ρα
∗
αρ
ρ = −1 F α∗ρα
∗
α∗ρ
ρ = −1
F α∗ρρ1ρ = 1 F
α∗ρρα
ρ = −p2 F α∗ρρα
∗
ρ = −1 F α∗ραρ1ρ = 1
F α∗ραραρ = 1 F
α∗ραρα
∗
ρ = p1p2 F
α∗ρα∗ρ1
ρ = 1 F
α∗ρα∗ρα
ρ = −1
F α∗ρα∗ρα
∗
ρ = 1 F
11αρ
αρ = 1 F
1αρ
αρ = 1 F
1α∗α∗ρ
αρ = 1
F 1ρα
∗
αρ = 1 F
1ρρ
αρ = 1 F
1ραρ
αρ = 1 F
1ρα∗ρ
αρ = 1
F 1αρ1
αρ = 1 F
1αρρ
αρ = 1 F
1αραρ
αρ = 1 F
1αρα∗ρ
αρ = 1
F 1α∗ρα
αρ = 1 F
1α∗ρρ
αρ = 1 F
1α∗ραρ
αρ = 1 F
1α∗ρα∗ρ
αρ = 1
Fα1ρ
αρ = 1 F
ααα∗ρ
αρ = −p1 Fαα
∗
αρ
αρ = 1 F
αρ1
αρ = 1
Fαρρ
αρ = 1 F
αραρ
αρ = 1 F
αρα∗ρ
αρ = 1 F
ααρα
αρ = p1
Fααρρ
αρ = p1 F
ααραρ
αρ = −p1 Fααρα∗ραρ = −p1 Fαα∗ρα
∗
αρ = −1
Fαα∗ρρ
αρ = 1 F
αα∗ραρ
αρ = 1 F
αα∗ρα∗ρ
αρ = 1 F
α∗1α∗ρ
αρ = 1
Fα
∗ααρ
αρ = −p1 Fα
∗α∗ρ
αρ = −p1 Fα
∗ρα
αρ = 1 F
α∗ρρ
αρ = 1
Fα
∗ραρ
αρ = 1 F
α∗ρα∗ρ
αρ = 1 F
α∗αρα∗
αρ = p1 F
α∗αρρ
αρ = −p1
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Fα
∗
αραρ
αρ = −p1 Fα
∗
αρα∗ρ
αρ = −p2 Fα
∗
α∗ρ1
αρ = 1 F
α∗α∗ρρ
αρ = 1
Fα
∗
α∗ραρ
αρ = 1 F
α∗α∗ρα∗ρ
αρ = 1 F
ρ1α∗
αρ = 1 F
ρ1ρ
αρ = 1
F ρ1αρ
αρ = 1 F
ρ1α∗ρ
αρ = 1 F
ραα
αρ = 1 F
ραρ
αρ = −p1
F ρααρ
αρ = −p1p2 F ραα∗ραρ = −1 F ρα
∗1
αρ = 1 F
ρα∗ρ
αρ = p1p2
F ρα
∗
αρ
αρ = 1 F
ρα∗α∗ρ
αρ = 1 F
ρρ1
αρ = 1 F
ρρα
αρ = p2
F ρρα
∗
αρ = 1 F
ραρ1
αρ = 1 F
ραρα
αρ = −1 F ραρα
∗
αρ = −p1p2
F ρα∗ρ1
αρ = 1 F
ρα∗ρα
αρ = 1 F
ρα∗ρα
∗
αρ = −1 F αρ11αρ = 1
F αρ1ρ
αρ = 1 F
αρ1αρ
αρ = 1 F
αρ1α∗ρ
αρ = 1 F
αραα
∗
αρ = 1
F αραρ
αρ = 1 F
αρααρ
αρ = −p1 F αραα∗ραρ = p1p2 F αρα
∗α
αρ = −p1
F αρα
∗ρ
αρ = −p1 F αρα
∗
αρ
αρ = p1 F
αρα
∗
α∗ρ
αρ = −1 F αρρ1αρ = 1
F αρρα
αρ = −p1 F αρρα
∗
αρ = 1 F
αραρ1
αρ = 1 F
αραρα
αρ = p1
F αραρα
∗
αρ = p1 F
αρα∗ρ1
αρ = 1 F
αρα∗ρα
αρ = 1 F
αρα∗ρα
∗
αρ = −1
F α∗ρ1α
αρ = 1 F
α∗ρ1ρ
αρ = 1 F
α∗ρ1αρ
αρ = 1 F
α∗ρ1α∗ρ
αρ = 1
F α∗ρα1
αρ = 1 F
α∗ραρ
αρ = −1 F α∗ρααραρ = −1 F α∗ραα∗ραρ = 1
F α∗ρα
∗α∗
αρ = 1 F
α∗ρα
∗ρ
αρ = −1 F α∗ρα
∗
αρ
αρ = −p1 F α∗ρα
∗
α∗ρ
αρ = p2
F α∗ρρ1
αρ = 1 F
α∗ρρα
αρ = 1 F
α∗ρρα
∗
αρ = 1 F
α∗ραρ1
αρ = 1
F α∗ραρα
αρ = 1 F
α∗ραρα
∗
αρ = p1 F
α∗ρα∗ρ1
αρ = 1 F
α∗ρα∗ρα
αρ = 1
F α∗ρα∗ρα
∗
αρ = −p2 F 11α∗ρα∗ρ = 1 F 1ααρα∗ρ = 1 F 1α
∗ρ
α∗ρ = 1
F 1ρα
α∗ρ = 1 F
1ρρ
α∗ρ = 1 F
1ραρ
α∗ρ = 1 F
1ρα∗ρ
α∗ρ = 1
F 1αρα
∗
α∗ρ = 1 F
1αρρ
α∗ρ = 1 F
1αραρ
α∗ρ = 1 F
1αρα∗ρ
α∗ρ = 1
F 1α∗ρ1
α∗ρ = 1 F
1α∗ρρ
α∗ρ = 1 F
1α∗ραρ
α∗ρ = 1 F
1α∗ρα∗ρ
α∗ρ = 1
Fα1αρ
α∗ρ = 1 F
ααρ
α∗ρ = 1 F
αα∗α∗ρ
α∗ρ = −p1 Fαρα
∗
α∗ρ = −1
Fαρρ
α∗ρ = 1 F
αραρ
α∗ρ = 1 F
αρα∗ρ
α∗ρ = p1p2 F
ααρ1
α∗ρ = 1
Fααρρ
α∗ρ = 1 F
ααραρ
α∗ρ = 1 F
ααρα∗ρ
α∗ρ = 1 F
αα∗ρα
α∗ρ = −p1
Fαα∗ρρ
α∗ρ = −p1 Fαα∗ραρα∗ρ = −p1 Fαα∗ρα∗ρα∗ρ = −p1 Fα
∗1ρ
α∗ρ = 1
Fα
∗αα∗ρ
α∗ρ = 1 F
α∗α∗αρ
α∗ρ = 1 F
α∗ρ1
α∗ρ = 1 F
α∗ρρ
α∗ρ = 1
Fα
∗ραρ
α∗ρ = 1 F
α∗ρα∗ρ
α∗ρ = 1 F
α∗αρα
α∗ρ = −1 Fα
∗
αρρ
α∗ρ = −1
Fα
∗
αραρ
α∗ρ = 1 F
α∗αρα∗ρ
α∗ρ = 1 F
α∗α∗ρα
∗
α∗ρ = −p1 Fα
∗
α∗ρρ
α∗ρ = −p1
Fα
∗
α∗ραρ
α∗ρ = −p1 Fα
∗
α∗ρα∗ρ
α∗ρ = −p2 F ρ1αα∗ρ = 1 F ρ1ρα∗ρ = 1
F ρ1αρ
α∗ρ = 1 F
ρ1α∗ρ
α∗ρ = 1 F
ρα1
α∗ρ = 1 F
ραρ
α∗ρ = −1
F ρααρ
α∗ρ = −1 F ραα∗ρα∗ρ = 1 F ρα
∗α∗
α∗ρ = −p1 F ρα
∗ρ
α∗ρ = −p1
F ρα
∗
αρ
α∗ρ = −1 F ρα
∗
α∗ρ
α∗ρ = 1 F
ρρ1
α∗ρ = 1 F
ρρα
α∗ρ = 1
F ρρα
∗
α∗ρ = p1 F
ραρ1
α∗ρ = 1 F
ραρα
α∗ρ = 1 F
ραρα
∗
α∗ρ = 1
F ρα∗ρ1
α∗ρ = 1 F
ρα∗ρα
α∗ρ = 1 F
ρα∗ρα
∗
α∗ρ = −p1p2 F αρ1α
∗
α∗ρ = 1
F αρ1ρ
α∗ρ = 1 F
αρ1αρ
α∗ρ = 1 F
αρ1α∗ρ
α∗ρ = 1 F
αραα
α∗ρ = −p1
F αραρ
α∗ρ = −1 F αρααρα∗ρ = −p1 F αραα∗ρα∗ρ = −p1 F αρα
∗1
α∗ρ = 1
F αρα
∗ρ
α∗ρ = −1 F αρα
∗
αρ
α∗ρ = −1 F αρα
∗
α∗ρ
α∗ρ = −1 F αρρ1α∗ρ = 1
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F αρρα
α∗ρ = 1 F
αρρα
∗
α∗ρ = −1 F αραρ1α∗ρ = 1 F αραραα∗ρ = p1
F αραρα
∗
α∗ρ = 1 F
αρα∗ρ1
α∗ρ = 1 F
αρα∗ρα
α∗ρ = −p1 F αρα∗ρα
∗
α∗ρ = 1
F α∗ρ11
α∗ρ = 1 F
α∗ρ1ρ
α∗ρ = 1 F
α∗ρ1αρ
α∗ρ = 1 F
α∗ρ1α∗ρ
α∗ρ = 1
F α∗ραα
∗
α∗ρ = −p1 F α∗ραρα∗ρ = p1 F α∗ρααρα∗ρ = −1 F α∗ραα∗ρα∗ρ = p1
F α∗ρα
∗α
α∗ρ = 1 F
α∗ρα
∗ρ
α∗ρ = 1 F
α∗ρα
∗
αρ
α∗ρ = −1 F α∗ρα
∗
α∗ρ
α∗ρ = p1
F α∗ρρ1
α∗ρ = 1 F
α∗ρρα
α∗ρ = 1 F
α∗ρρα
∗
α∗ρ = −p1 F α∗ραρ1α∗ρ = 1
F α∗ραρα
α∗ρ = −1 F α∗ραρα
∗
α∗ρ = 1 F
α∗ρα∗ρ1
α∗ρ = 1 F
α∗ρα∗ρα
α∗ρ = −p2
F α∗ρα∗ρα
∗
α∗ρ = −p1
B.2. 3-dimensional F -symbols.
F ρραρρ =
ρ αρ α∗ρ
ρ D+ D− −C
αρ D− C −D+
α∗ρ C D+ −D−
F ρρα∗ρρ =
ρ αρ α∗ρ
ρ D− C −D+p1p2
αρ Cp1p2 D+p1p2 −D−
α∗ρ D+ D− −Cp1p2
F ραρρρ =
ρ αρ α∗ρ
ρ D+ D− C
αρ D− C D+
α∗ρ −Cp1 −D+p1 −D−p1
F ραρα∗ρρ =
ρ αρ α∗ρ
ρ −Cp1 D+ D−p1p2
αρ D+ −D−p1 −Cp2
α∗ρ D− −Cp1 −D+p2
F ρα∗ρρρ =
ρ αρ α∗ρ
ρ D− Cp1p2 D+
αρ Cp1 D+p2 D−p1
α∗ρ D+ D−p1p2 C
F ρα∗ραρρ =
ρ αρ α∗ρ
ρ −Cp1 D+p1p2 D−
αρ D+ −D−p2 −Cp1
α∗ρ D− −Cp2 −D+p1
F αρρρρ =
ρ αρ α∗ρ
ρ D+ D− −Cp1
αρ D− C −D+p1
α∗ρ −C −D+ D−p1
F αρραρρ =
ρ αρ α∗ρ
ρ D− −Cp1 D+
αρ −Cp1 D+ −D−p1
α∗ρ −D+p1 D− −Cp1
F αραραρρ =
ρ αρ α∗ρ
ρ C D+ D−
αρ D+ D− C
α∗ρ D− C D+
F αραρα∗ρρ =
ρ αρ α∗ρ
ρ D+ D− Cp1p2
αρ D− C D+p1p2
α∗ρ C D+ D−p1p2
F αρα∗ρρρ =
ρ αρ α∗ρ
ρ −Cp1 D+ D−
αρ D+p1 −D− −C
α∗ρ D− −Cp1 −D+p1
F αρα∗ρα∗ρρ =
ρ αρ α∗ρ
ρ D−p1p2 Cp1p2 D+
αρ C D+ D−p1p2
α∗ρ D+ D− Cp1p2
F α∗ρρρρ =
ρ αρ α∗ρ
ρ D− Cp1 D+
αρ C D+p1 D−
α∗ρ −D+p1p2 −D−p2 −Cp1p2
F α∗ρρα∗ρρ =
ρ αρ α∗ρ
ρ D+ −D− −Cp2
αρ −D−p2 Cp2 D+
α∗ρ −Cp2 D+p2 D−
F α∗ραρρρ =
ρ αρ α∗ρ
ρ −Cp1 D+ D−
αρ D+ −D−p1 −Cp1
α∗ρ −D−p2 Cp1p2 D+p1p2
F α∗ραραρρ =
ρ αρ α∗ρ
ρ D+ D− C
αρ D− C D+
α∗ρ Cp1p2 D+p1p2 D−p1p2
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F α∗ρα∗ραρρ =
ρ αρ α∗ρ
ρ D−p1p2 C D+
αρ Cp1p2 D+ D−
α∗ρ D+ D−p1p2 Cp1p2
F α∗ρα∗ρα∗ρρ =
ρ αρ α∗ρ
ρ C D+p1p2 D−
αρ D+p1p2 D− Cp1p2
α∗ρ D− Cp1p2 D+
F ρρρ
αρ =
ρ αρ α∗ρ
ρ D+ D− −Cp1
αρ D− C −D+p1
α∗ρ −Cp1p2 −D+p1p2 D−p2
F ρρα∗ρ
αρ =
ρ αρ α∗ρ
ρ −Cp2 D+ −D−
αρ D+ −D−p2 Cp2
α∗ρ D− −Cp2 D+p2
F ραρρ
αρ =
ρ αρ α∗ρ
ρ D− −Cp1 −D+
αρ −Cp1 D+ D−p1
α∗ρ D+p1p2 −D−p2 −Cp1p2
F ραραρ
αρ =
ρ αρ α∗ρ
ρ C D+ D−
αρ D+ D− C
α∗ρ D−p1p2 Cp1p2 D+p1p2
F ρα∗ραρ
αρ =
ρ αρ α∗ρ
ρ D+ D−p1p2 C
αρ D− Cp1p2 D+
α∗ρ Cp1p2 D+ D−p1p2
F ρα∗ρα∗ρ
αρ =
ρ αρ α∗ρ
ρ D− C D+p1p2
αρ Cp1p2 D+p1p2 D−
α∗ρ D+ D− Cp1p2
F αρραρ
αρ =
ρ αρ α∗ρ
ρ C D+ −D−p1
αρ D+ D− −Cp1
α∗ρ D− C −D+p1
F αρρα∗ρ
αρ =
ρ αρ α∗ρ
ρ D+p1p2 D− −Cp1
αρ D− Cp1p2 −D+p2
α∗ρ Cp1p2 D+ −D−p1
F αραρρ
αρ =
ρ αρ α∗ρ
ρ C D+ D−p1
αρ D+ D− Cp1
α∗ρ −D−p1 −Cp1 −D+
F αραρα∗ρ
αρ =
ρ αρ α∗ρ
ρ D−p1p2 −Cp1 −D+p1
αρ −Cp2 D+ D−
α∗ρ −D+p2 D− C
F αρα∗ρρ
αρ =
ρ αρ α∗ρ
ρ D+ D− Cp1
αρ D−p1 Cp1 D+
α∗ρ C D+ D−p1
F αρα∗ραρ
αρ =
ρ αρ α∗ρ
ρ D− −Cp1 −D+p1
αρ −Cp1 D+ D−
α∗ρ −D+p1 D− C
F α∗ρρρ
αρ =
ρ αρ α∗ρ
ρ −C D+ D−
αρ D+ −D− −C
α∗ρ −D− C D+
F α∗ρραρ
αρ =
ρ αρ α∗ρ
ρ D+p1 D− Cp1
αρ D− Cp1 D+
α∗ρ C D+p1 D−
F α∗ραραρ
αρ =
ρ αρ α∗ρ
ρ D−p1 −C −D+
αρ −Cp1 D+ D−
α∗ρ −D+p1 D− C
F α∗ραρα∗ρ
αρ =
ρ αρ α∗ρ
ρ Cp2 −D+ −D−
αρ −D+p2 D− C
α∗ρ −D−p2 C D+
F α∗ρα∗ρρ
αρ =
ρ αρ α∗ρ
ρ D−p2 Cp1 D+
αρ Cp2 D+p1 D−
α∗ρ D+p1p2 D− Cp1
F α∗ρα∗ρα∗ρ
αρ =
ρ αρ α∗ρ
ρ D+p2 −D−p1p2 −Cp1p2
αρ −D−p1 C D+
α∗ρ −Cp1 D+ D−
F ρρρ
α∗ρ =
ρ αρ α∗ρ
ρ D− Cp1 D+
αρ −C −D+p1 −D−
α∗ρ D+ D−p1 C
F ρραρ
α∗ρ =
ρ αρ α∗ρ
ρ Cp1 −D+ D−
αρ D+ −D−p1 Cp1
α∗ρ D− −Cp1 D+p1
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F ραραρ
α∗ρ =
ρ αρ α∗ρ
ρ −D+ −D− −C
αρ D− C D+
α∗ρ C D+ D−
F ραρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ −D− −C −D+
αρ C D+ D−
α∗ρ D+ D− C
F ρα∗ρρ
α∗ρ =
ρ αρ α∗ρ
ρ D+ −D−p1p2 Cp1
αρ D− −Cp1p2 D+p1
α∗ρ Cp1 −D+p2 D−
F ρα∗ρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ −Cp1p2 −D+ −D−p1p2
αρ D+ D−p1p2 C
α∗ρ D− Cp1p2 D+
F αρρρ
α∗ρ =
ρ αρ α∗ρ
ρ −C D+ D−
αρ −D+ D− C
α∗ρ D− −C −D+
F αρρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ −D−p1 −Cp1 D+
αρ Cp1p2 D+p1p2 −D−p2
α∗ρ D+ D− −Cp1
F αραρρ
α∗ρ =
ρ αρ α∗ρ
ρ D+p1 D− −Cp1
αρ −D− −Cp1 D+
α∗ρ Cp1 D+ −D−p1
F αραραρ
α∗ρ =
ρ αρ α∗ρ
ρ −D−p1 C D+
αρ −Cp1 D+ D−
α∗ρ −D+p1 D− C
F αρα∗ραρ
α∗ρ =
ρ αρ α∗ρ
ρ −Cp1 D+ D−
αρ −D+p1 D− C
α∗ρ −D−p1 C D+
F αρα∗ρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ −D+p2 D−p1p2 Cp1p2
αρ −D−p1 C D+
α∗ρ −Cp1 D+ D−
F α∗ρραρ
α∗ρ =
ρ αρ α∗ρ
ρ D− Cp1 D+
αρ C D+p1 D−
α∗ρ D+ D−p1 C
F α∗ρρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ C D+p1 D−
αρ D+p1p2 D−p2 Cp1p2
α∗ρ D− Cp1 D+
F α∗ραρρ
α∗ρ =
ρ αρ α∗ρ
ρ −D− −Cp1 D+
αρ −C −D+p1 D−
α∗ρ D+p1 D− −Cp1
F α∗ραρα∗ρ
α∗ρ =
ρ αρ α∗ρ
ρ D+ −D−p1 −Cp1
αρ −D−p1 C D+
α∗ρ −Cp1 D+ D−
F α∗ρα∗ρρ
α∗ρ =
ρ αρ α∗ρ
ρ −Cp1p2 −D+p1 D−
αρ −D+p2 −D− Cp1
α∗ρ −D−p1p2 −Cp1 D+
F α∗ρα∗ραρ
α∗ρ =
ρ αρ α∗ρ
ρ D+p1p2 −D−p1 −Cp1
αρ −D−p2 C D+
α∗ρ −Cp2 D+ D−
B.3. 4-dimensional F -symbols.
F ρρρρ =
1 ρ αρ α∗ρ
1 A
√
A −p1
√
A p1
√
A
ρ
√
A −B −D+p1 D−p1
αρ −p1
√
A −D+p1 D− B
α∗ρ p1
√
A D−p1 B D+
F ραραρρ =
α∗ ρ αρ α∗ρ
1 A −p1
√
A
√
A
√
A
ρ
√
A −D−p1 −B D+
αρ −p1
√
A −B −D+p1 −D−p1
α∗ρ −p1
√
A D+ −D−p1 Bp1
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F ρα∗ρα∗ρρ =
α ρ αρ α∗ρ
1 A p1
√
A −p1p2
√
A −p1p2
√
A
ρ −p1p2
√
A −D+p2 D− −B
αρ p1
√
A D− Bp2 −D+p2
α∗ρ p1
√
A −B −D+p2 −D−p2
F αρρα∗ρρ =
α ρ αρ α∗ρ
α −A p1
√
A −√A p2
√
A
ρ −p1
√
A −B −D+p1 D−p1p2
αρ p1p2
√
A −D+p2 D−p1p2 Bp1
α∗ρ
√
A −D−p1 −B −D+p2
F αραρρρ =
1 ρ αρ α∗ρ
α A
√
A −p1
√
A −p1
√
A
ρ −p1
√
A −D−p1 −B D+
αρ
√
A −B −D+p1 −D−p1
α∗ρ −p1
√
A −D+p1 D− −B
F αρα∗ραρρ =
α∗ ρ αρ α∗ρ
α −A −p1
√
A −p1
√
A −p1
√
A
ρ p1
√
A D+ D− −B
αρ p1
√
A D− −B D+
α∗ρ p1
√
A −B D+ D−
F α∗ρραρρ =
α∗ ρ αρ α∗ρ
α∗ −A p1
√
A −p1
√
A −√A
ρ −p1
√
A −B −D+ −D−p1
αρ
√
A −D+p1 D−p1 −B
α∗ρ p1p2
√
A −D−p2 −Bp2 D+p1p2
F α∗ραρα∗ρρ =
α ρ αρ α∗ρ
α∗ A −p1
√
A −p1
√
A −p2
√
A
ρ −p1
√
A D− −B D+p1p2
αρ −p1
√
A −B D+ D−p1p2
α∗ρ −p2
√
A D+p1p2 D−p1p2 −B
F α∗ρα∗ρρρ =
1 ρ αρ α∗ρ
α∗ A −p1p2
√
A p1
√
A p1
√
A
ρ p1
√
A −D+p2 D− −B
αρ −p1
√
A D−p2 B −D+
α∗ρ −p1p2
√
A −B −D+p2 −D−p2
F ρραρ
αρ =
1 ρ αρ α∗ρ
α∗ A
√
A −p1
√
A p1
√
A
ρ −p1
√
A −D−p1 −B −D+
αρ
√
A −B −D+p1 D−p1
α∗ρ p1p2
√
A D+p1p2 −D−p2 −Bp2
F ραρα∗ρ
αρ =
α∗ ρ αρ α∗ρ
α∗ Ap1 p2
√
A p1
√
A p1
√
A
ρ
√
A D+p1p2 D− −B
αρ
√
A D−p1p2 −B D+
α∗ρ p1p2
√
A −B D+p1p2 D−p1p2
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F ρα∗ρρ
αρ =
α ρ αρ α∗ρ
α∗ −A −p1
√
A p1p2
√
A p1
√
A
ρ p1
√
A −B −D+p2 −D−
αρ −p1
√
A −D+ D−p2 −B
α∗ρ −p1p2
√
A −D−p2 −B D+p2
F αρρρ
αρ =
α ρ αρ α∗ρ
1 A −p1
√
A
√
A −√A
ρ
√
A −D−p1 −B −D+
αρ −p1
√
A −B −D+p1 D−p1
α∗ρ p1
√
A −D+ D−p1 Bp1
F αραραρ
αρ =
1 ρ αρ α∗ρ
1 A
√
A −p1
√
A −p1
√
A
ρ
√
A D+ −D−p1 Bp1
αρ −p1
√
A −D−p1 −B D+
α∗ρ −p1
√
A Bp1 D+ D−
F αρα∗ρα∗ρ
αρ =
α∗ ρ αρ α∗ρ
1 A −p1p2
√
A p1
√
A p1
√
A
ρ −p1p2
√
A −B −D+p2 −D−p2
αρ p1
√
A −D+p2 D− −B
α∗ρ p1
√
A −D−p2 −B D+
F α∗ρρα∗ρ
αρ =
α∗ ρ αρ α∗ρ
α A p1p2
√
A p1
√
A
√
A
ρ p1
√
A D−p2 −B D+p1
αρ p1p2
√
A −B D+p2 D−p1p2
α∗ρ
√
A D+p1p2 D−p1 −B
F α∗ραρρ
αρ =
α ρ αρ α∗ρ
α Ap1 −
√
A −√A −p1
√
A
ρ −√A D+p1 D−p1 −B
αρ −p1
√
A D− −B D+p1
α∗ρ
√
A Bp1 −D+p1 −D−
F α∗ρα∗ραρ
αρ =
1 ρ αρ α∗ρ
α A −p1p2
√
A p1
√
A p1
√
A
ρ −p1
√
A −Bp2 −D+ −D−
αρ p1
√
A −D+p2 D− −B
α∗ρ p1
√
A −D−p2 −B D+
F ρρα∗ρ
α∗ρ =
1 ρ αρ α∗ρ
α A
√
A −p1
√
A p1
√
A
ρ p1
√
A D+p1 −D− −B
αρ p1p2
√
A D−p1p2 Bp2 D+p2
α∗ρ
√
A −B −D+p1 D−p1
F ραρρ
α∗ρ =
α∗ ρ αρ α∗ρ
α −A −p1
√
A p1
√
A −√A
ρ p1
√
A −B −D+ D−p1
αρ
√
A D+p1 −D−p1 −B
α∗ρ −p1
√
A −D− −B −D+p1
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F ρα∗ραρ
α∗ρ =
α ρ αρ α∗ρ
α −Ap1 p1
√
A p2
√
A p1
√
A
ρ
√
A −D− Bp1p2 −D+
αρ −
√
A −B D+p1p2 D−
α∗ρ −
√
A D+ D−p1p2 −B
F αρραρ
α∗ρ =
α ρ αρ α∗ρ
α∗ −A −√A −√A p1
√
A
ρ −p1
√
A −D+p1 −D−p1 −B
αρ
√
A D− −B −D+p1
α∗ρ
√
A −B D+ −D−p1
F αραρα∗ρ
α∗ρ =
1 ρ αρ α∗ρ
α∗ A
√
A −p1
√
A −p1
√
A
ρ −p1
√
A Bp1 D+ D−
αρ −p1
√
A −D+p1 D− −B
α∗ρ −p1
√
A −D−p1 −B D+
F αρα∗ρρ
α∗ρ =
α∗ ρ αρ α∗ρ
α∗ −Ap1
√
A p1
√
A −√A
ρ −√A D−p1 −B −D+p1
αρ
√
A Bp1 −D+ D−p1
α∗ρ p1
√
A −D+ −D−p1 −B
F α∗ρρρ
α∗ρ =
α∗ ρ αρ α∗ρ
1 A p1
√
A −√A √A
ρ
√
A D+p1 −D− −B
αρ −p1
√
A −D− −Bp1 −D+p1
α∗ρ p1
√
A −B −D+p1 D−p1
F α∗ραραρ
α∗ρ =
α ρ αρ α∗ρ
1 A
√
A −p1
√
A −p1
√
A
ρ
√
A −B −D+p1 −D−p1
αρ −p1
√
A −D+p1 D− −B
α∗ρ −p1
√
A −D−p1 −B D+
F α∗ρα∗ρα∗ρ
α∗ρ =
1 ρ αρ α∗ρ
1 A −p1p2
√
A p1
√
A p1
√
A
ρ −p1p2
√
A D− Bp2 −D+p2
αρ p1
√
A Bp2 D+ D−
α∗ρ p1
√
A −D+p2 D− −B
